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Abstract: In this paper the possibility of improving convergence time of algorithms intended for tuning 

parameters of fuzzy system with inference mechanism realized with the help of adaptive network is considered. A 
new algorithm is proposed, which allows to decrease the number of iterations during learning process and to 
substantially decrease amount of computational operations that have to be performed during single iteration. 
Furthermore, analytical data is presented and it’s shown how to reduce the computational load in the case if the 
proposed algorithm is being used. 
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1. Introduction 
Fuzzy systems are generally used in cases when it’s impossible or it’s too difficult to define 
crisp rules that would describe the considered process or system, which is being controlled by 
a fuzzy control system. Thus, one of the advantages of fuzzy systems is that they allow to 
describe fuzzy rules, which fit the description of real-world processes to a greater extent. 
Another advantage of fuzzy systems is their interpretability, it means that it’s possible to 
explain why a particular value appeared at the output of a fuzzy system. In turn, some of the 
main disadvantages of fuzzy systems are that expert input or instructions are needed in order 
to define fuzzy rules, and that the process of tuning of the parameters of the fuzzy system (e.g. 
parameters of the membership functions) often requires a relatively long time, especially if 
there’s a high number of fuzzy rules in the system. Both these disadvantages are related to the 
fact that it’s not possible to train fuzzy systems. 

A diametrically opposite situation can be observed in the field of neural networks: you 
can train neural networks, but it’s extremely difficult to use a priori knowledge about the 
considered system and it’s almost impossible to explain the behaviour of the neural system in 
a particular situation. 

In order to compensate the disadvantages of one system with the advantages of 
another system, several researchers tried to combine fuzzy systems with neural networks. A 
hybrid system named ANFIS (Adaptive-Network-Based Fuzzy Inference System) has been 
proposed in [1]. Fuzzy inference in this system is realized with the aid of an adaptive network, 
which can be considered as a general class of neural networks. Moreover, the author has 
proposed a training algorithm, which enables to tune the parameters of the fuzzy system. The 
proposed algorithm is a generalized version of Delta learning rule, which is used to train 
neural networks and is based on the gradient descend method. 

In this paper an alternative adaptive network training algorithm is exposed and, 
particularly it’s described how it can be used to tune parameters of the fuzzy system, which is 
based on ANFIS architecture. The algorithm is a generalized version of adaptive algorithm 
Rprop [2]. As can be seen from the results of research exposed in [4], during training of a 
‘common’ neural network, Rprop has a better convergence time than that of Error 
Backpropagation algorithm and most popular training algorithms with improved convergence 
time. 

Furthermore, the results of this research show that it’s possible to reduce the 
computational load if the proposed algorithm is used, due to the decrease of the number of 
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iterations during the training process, as well as due to the fact that the algorithm allows to 
substantially reduce the amount of computational operations that have to be performed during 
each single iteration. 
 

2. Generalised Adaptive Learning Rule 
Let’s generalize the Rprop algorithm, which is used to tune weights in a neural network, for 
the case of adaptive network. This algorithm was introduced in [2]. Rprop stands for 
‘Resilient backpropagation’. This is an adaptive learning scheme, performing supervised 
batch learning. In this algorithm the partial derivatives are used only to determine the 
direction of the weight step, but not the size of the change (the author points to a harmful and 
unforeseeable influence of the size of the partial derivative on the weight step). Only a sign of 
the derivative is used to indicate the direction of the weight update. The size of the weight 
change )( t

ijw∆  is determined by the so-called ‘update-value’ )( t
ij∆  (1). The second step of the 

Rprop learning is to determine the new update-values )( t
ij∆ . This is based on a sign-dependent 

adaptation process (2). 
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where 
)( t

ijw
E

∂
∂

 denotes the summed gradient information over all patterns of the pattern set 

(batch learning). 
In words, the adaptation rule works as follows: every time the partial derivative of the 

corresponding weight ijw  changes its sign, which indicates that the last update was too big 

and the algorithm has jumped over a local minimum, the update-value )( t
ij∆  is decreased by the 

factor −η . If the derivative retains its sign, the update-value is increased by the factor +η  in 
order to accelerate convergence in shallow regions. Additionally, in case of a change in sign, 
there should be no adaptation in the succeeding learning step. 

Author of the algorithm proposes to use the following values of the parameters: 
 

• −η  = 0.5, i.e. if a jump over a minimum occurred, we halve the update-value; 

• +η  = 1.2, as it gave very good results independent of the examined problem. 
 

It’s obvious that in order to obtain a generalized version of this algorithm, it’s enough 
to assume that ijw  is an arbitrary parameter of a fuzzy system, which has to be tuned. The 

main difficulty consists in the partial differentiation of 
ijw

E
∂
∂

. Below the architecture of 

ANFIS is briefly described and it’s shown how to determine partial derivatives, which are 
needed in order to tune parameters of the given system. 
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3. ANFIS Architecture  

Let’s consider a fuzzy system, with two if-then rules of Sugeno type: 
 

1ℜ : if x is A1 and y is B1 then z = p1x + q1y + r1 

2ℜ : if x is A2 and y is B2 then z = p2x + q2y + r2 
 

Corresponding ANFIS architecture for this system is shown in Figure 1. 

Figure 1. ANFIS architecture for Sugeno type reasoning. 

 
The node functions in the same layer are of the same function family, as described 

below: 
Layer 1: The output of the i-th node of this layer is 

 )(1 xo
iAi µ= ,  (3) 

where x is the input to the i-th node and Ai is the linguistic label associated with this node 
function. We’ll use bell-shaped membership function, such as: 
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where {ai, bi, ci} is the parameter set. 
Layer 2: Nodes of this layer multiply the incoming signals and send the product out. 

Each node output represents the firing strength iw  of the corresponding rule. 

Layer 3: The outputs of the nodes in this layer are normalized firing strengths iw . 
Layer 4: The output of the i-th node of this layer is 

 ( )iiiiiii ryqxpwfwo ++==4 ,  (5) 
where {pi, qi, ri} is the parameter set. 

Layer 5: The single node in this layer computes the overall system output as the 
summation of all incoming signals: 
 ∑=

i
ii fwo5 . (6) 

Let’s define the measure of error for the k-th learning pattern in the same way, as in 
common back-prop networks: 
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 ( )2

2
1

kkk oyE −= , (7) 

where yk is the desired system output and ok is the actual system output. 
 

4. Derivation of the Partial Derivatives 
Now it’s necessary to calculate the partial derivatives of the error function (7) with respect to 
the parameters of the fuzzy system, which need to be tuned. In other words, for every 
parameter iβ  we have to calculate: 
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We’ll use the chain rule in order to calculate the partial derivatives. Rumelhart has 
used this rule during the derivation of equations for the error backpropagation algorithm [3] 
and it was proposed in [1] for the derivation of the partial derivatives of the error function at 
the output level w.r.t. adaptive network parameters (e.g. parameters of the membership 
functions). 

We’ll consider only the type-3 adaptive network, based on the Sugeno inference 
mechanism, as the derivation is similar for other types of adaptive networks. 

The error rate for consequence parameters can be calculated as follows: 
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where cβ  is the consequence parameter and io  is the output of the i-th layer. 
 
The error rate for premise parameters can be calculated as follows: 
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where pβ  is the premise parameter and io  is the output of the i-th layer. 
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where iw  is the normalized firing strength of the i-th rule 
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where i is the number of the corresponding rule (or, alternatively, the number of the unit in 
the 3rd layer) 
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where i is the number of the corresponding rule (or, alternatively, the number of the unit in 
the 2nd layer) and n is the total number of rules in the system. 
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where ( )mj AA ℜ∈  denotes the fuzzy sets, which make the premise part of the rule containing 
fuzzy set Am. 

We can aggregate equations (8)-(14) to get a more compact form of the partial 
derivatives. 

For the consequence parameter cβ : 
 

 ( )
cc

o
od

E
ββ ∂

∂−−=
∂
∂ 4 . (15) 

 
And for the premise parameter pβ  of the membership function of linguistic label Am: 
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Now let’s calculate the partial derivatives of the output functions w.r.t. their 

parameters: 
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where i is the number of the corresponding rule. 
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where i is the number of the corresponding rule and j is the number of the corresponding 
linguistic variable in the rule. 

As has been stated earlier, the Rprop algorithm uses only the sign of the derivative, so 
it’s possible to substantially simplify the obtained derivatives, as we can reduce them by the 
elements that don’t influence the sign. 

Simplified equations are listed below. 
For the consequence parameters: 
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where { }iiic rqp ,,∈β . The partial derivatives of the output function at the fourth layer w.r.t. 
the consequence parameters are as follows: 
 

xw
p
o

i
i

=
∂
∂ 4 ,   (24) yw

q
o

i
i

=
∂
∂ 4 ,   (25) i

i

w
r
o =

∂
∂ 4 ,   (26) 

 
where i is the number of the corresponding rule. 

 
And for the premise parameters: 
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where { }ijijijp cba ,,∈β . The partial derivatives of the output function at the first layer w.r.t. 
the premise parameters are as follows: 
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where i is the number of the corresponding rule and j is the number of the corresponding 
linguistic variable in the rule. 
 

5. Several Precautions  
In the previous section equations, which allow to calculate the partial derivatives of the error 
function w.r.t. the parameters of the system, have been derived. It has been shown as well 
how these equations can be reduced. The equations have been abbreviated by cancellation of 
the elements which don’t influence the sign of the derivative or, more precisely, by the non-
negative elements. It should be noted that these elements could take a zero value, so when 
implementing the algorithm, checking of the values of these elements should be provided. 
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The second precaution concerns the bij parameter. As can be seen from (29), the 
partial derivative depends on the function of the natural logarithm, which unfortunately is not 
defined for all possible values of x. The bij parameter defines the curvature of the membership 
function, i.e. with its aid it’s possible to define the bell-shaped function, which looks more 
like a trapezoid or a triangular membership function (depending on the value of the 
parameter). As can be seen, this parameter has only a secondary significance. Thus, to avoid 
difficulties during the tuning of this parameter, it’s advised to tune this parameter intuitively 
before the network training process begins. 
 

6. Conclusion 
The hybrid system ‘ANFIS’ with inference mechanism based on the adaptive network is 
being considered in this paper. An important property of this system is that it’s possible to 
tune the parameters of the fuzzy system that has been described with the help of ANFIS. The 
same methods that are used to tune the parameters are also used to tune the weights in the 
neural networks. As the ANFIS is a multilayer network, it can be concluded, that the tuning of 
its parameters is a non- linear task (the parameters of the inner layers can’t be expressed 
linearly). Hence, new algorithms ‘inherit’ problems that are related to the training algorithms 
of the multilayer neural networks (e.g. slow convergence, local minima and so on). Moreover, 
new algorithms require more computational power, as the partial derivatives are more ‘bulky’ 
than those in the case of common back-prop networks. 

An algorithm, which deals with at least two problems: the convergence speed and the 
computational load, is exposed in this work. The results of the experiments show that the 
convergence speed of this algorithm is higher than that of the error backpropagation and most 
popular algorithms, in which attempts have been made to decrease the convergence time. The 
new algorithm is adaptive in the sense that the size of the weight-change is tuned during the 
learning process. Thus, only the sign and not the value of the derivative is used. Hence, it’s 
possible to derive formulae for the determination of the sign of the derivatives, which require 
much less computational power than those for the calculation of the value of the derivatives. 

Furthermore, an analytical derivation of the partial derivatives of the error function 
with respect to parameters of the system is exposed in this paper. The chain rule has been 
used during the derivation. Using this rule and the scheme that has been proposed in this 
paper, it won’t make any difficulties to derive the partial derivations for other types of the 
fuzzy systems. 
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